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Abstract. We introduce a family of graphs C(n, i, s, a) that generalizes the binary search tree. The
graphs represent logic circuits with fan-in i, restricted fan-out s, and arising by n progressive additions of
random gates to a starting circuit of a isolated nodes. We show via martingales that a suitably normalized
version of the number of terminal nodes in binary circuits converges in distribution to a normal random
variate.
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Introduction

The well-known binary search tree has many applications as a data structure (see Mahmoud (1992)), as
a model underlying searching and sorting applications (see Knuth 1998) and Mahmoud (2000)), and as
a model for formal languages and computer algebra (see Kemp (1984)). We introduce a family of acyclic
directed graphs C(n, i, s, a) that generalizes the binary search tree.
The graphs represent logic circuits with indegree (fan-in) i, restricted outdegree (fan-out) s, arising
by n progressive additions of random gates to a starting circuit of a isolated nodes. The initial a nodes
represent the initial input lines. The model has applications in neurosciences (see Valiant (1994)) and
electrosciences (see Hutton, Rose, Grossman and Cornell (1998)).
The family of graphs C(n, i, s, a) we introduce is a hierarchy of combinatorial structures that includes
the binary search tree. We shall refer to a circuit with fan in i and restricted fan-out s as the i-ary circuit
with fanout s. For specified parameters i, s, a, we refer to the structure simply as the circuit. Nodes with
outdegree s are considered saturated. At each stage, i insertion positions are chosen from unsaturated
nodes as the parents of a new child. The outdegree of each of these nodes increases by the number of
insertion positions taken from it. In circuit interpretation, i output lines of a previous stage are taken
as input lines into a new i-ary gate, which can have up to s output lines drawn from it. The consumed
lines are no longer viable inputs at later stages.
Let Ln,i,s,a denote the number of terminal nodes in the circuit having a initial input nodes. The
main result of this paper is to demonstrate the convergence in distribution of a suitably normed version
of Ln,i,s,a to a normal variate for binary circuits. The algebra gets quite unwieldy, if we keep all the
parameters. For clarity of the exposition, we shall illustrate the result on the subfamily C(n, 2, 3, 1) of
binary fan-in, fan-out 3, and growing out of a single node. Throughout all insertion stages, the underlying
undirected graph remains one connected component; the fan-out is restricted to 3. We shall return at the
end to the general binary case and state the necessary adjustments in the proof to get a general result
for the family C(n, 2, s, a) and make some conjectures about what to expect in the class C(n, i, s, a).
Throughout, we shall use the following notation. We shall denote the normally distributed random
D
P
variate with mean 0 and variance σ 2 by N (0, σ 2 ). We shall use the symbols −→ and −→ for convergence
in distribution and in probability, respectively. The notation OL1 (g(n)) will stand for a random variable
that is O(g(n)) in the L1 norm.
Let the notation Ln be reserved for Ln,2,3,1 . One main result of this investigation is the central limit
tendency:
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and its extension to a similar central limit theorem for Ln,2,s,a .
Section 2 gives a precise definition for the circuits. In Section ?? we derive the exact first two moments
for the number of terminal nodes for C(n, 2, 3, 1). The central limit theorem for C(n, 2, 3, 1) is derived
in Section ?? via a martingale transform. The scope of the result and proof technique is extended in
Section ?? to the binary circuits family C(n, 2, s, a), where a conjecture for C(n, i, s, a) is presented, too.
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The growth of a random circuit

An i-ary circuit with fan-out s is a directed graph that starts out with a isolated nodes of indegree and
outdegree 0. Each node can have up to s positional children (output lines in the language of circuits),
with a distinguished left-to-right order. A childless node is a terminal node. A nonterminal node with
k children has s − k positional insertion places, which are the positions not taken by its positional
children in the left-to-right order. The circuit evolves in stages as follows. After n − 1 stages, a circuit
C(n − 1, i, s, a) has grown. At the nth stage, i positional insertion places from unsaturated nodes are
chosen from C(n − 1, i, s, a) as parents for a new node (or gate in the circuits). The new node is adjoined
to the circuit with edges directed from the i positional insertion places to it, and is given 0 outdegree.
With regard to the interpretation of C(n, i, s, a) as a circuit, the number of terminal nodes is a
parameter of interest. In boolean circuits they stand for how many “answers” can be derived from a
given inputs. The problem is trivial for s = 1. The case i = 1 is not very challenging. The least i that
makes the problem significant is 2. The case C(n, 2, 2, a) is not too interesting, as the number of terminal
nodes remains finite and at most a throughout all the stages. The smallest significant member of the
family C(n, 2, s, a) for the study is C(n, 2, 3, a). For simplicity of the exposition we take a = 1 to reduce
the number of parameters. We shall focus on the binary circuit (fan-in i = 2), with fan-out 3, growing
out of a single input. We develop results for C(n, 2, 3, 1) in this section. In Section ?? we shall sketch
the extension of these results to cover the entire C(n, 2, s, a) family.
The graphs C(n, i, s, a) generalize binary search trees (which are C(n, 1, 2, 1)). This runs in a parallel
vein to the generalization of recursive trees into a hierarchy of random graphs called recursive circuits
(Tsukiji and Mahmoud (2001)). For a broad review of definition and uses of recursive trees the reader is
referred to the survey in Smythe and Mahmoud (1996).
For modeling and analysis purposes, the random graphs C(n, i, s, a) are extended by supplying each
node with a sufficient number of special nodes (called external nodes) to universally make the outdegree
of all the circuit nodes (now viewed as internal ) equal to s.
Many models of randomness can be imposed on i-ary circuits with fan-out s. A natural probability
model is one in which all pairs of external nodes in C(n − 1, i, s, a) are equally likely candidate inputs for
the nth entrant. Note that under this model, the various circuits of one size are not equally likely.
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