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1 Learning via Random Projection

Random projection is a technique of mapping a number of points in a high-dimensional space into a low
dimensional space with the property that the Euclidean distance of any two points is approximately pre-
served through the projection. A random projection from Rn to Rk is typically defined as a random n×k
matrix R = (rij) with each entry chosen randomly and independently according to some probability distri-
bution: an n-dimensional vector u ∈ Rn is projected to u′ = 1√

k
RT u = 1√

k
(
∑n

i=1 ri1ui, . . . ,
∑n

i=1 rikui).

Here a constant 1/
√

k is a normalization factor which makes the expectations of the Euclidean norm of
u′ and u coincide, i.e., E[||u||] = E[||u′||].

The development of the random projection was originated by Johnson and Lindenstrauss [5] who
showed that such embeddings are in fact possible. Recently, several simple projections were proposed
and successfully applied for designing good learning algorithms for various concept classes (e.g., [1, 3, 6]).

Let N(0, 1) denote the standard normal distribution with mean 0 and variance 1, and U(−1, 1) denote
the discrete distribution defined by r = 1 with probability 1/2 and r = −1 with probability 1/2.

Theorem 1 [3] Let R = (rij) be a random n×k matrix, such that each entry rij is chosen independently
from either N(0, 1) or U(−1, 1). Then for any fixed vector u ∈ Rn and any ε > 0, the vector u′ = 1√

k
RT u

satisfies

Pr[
∣∣||u′||2 − ||u||2

∣∣ ≥ ε||u||2] ≤ 2e−ε2k/8.

Suppose that we are given a sample S = {(x1, y1), . . . , (xm, ym)} consisting of m pairs of an example
in Rn and its label yi ∈ {−1, 1}, where each pair (xi, yi) in S is chosen independently according to a
distribution D on Rn×{−1, 1}. Suppose further that S can be correctly classified by a hyperplane with
margin l, i.e., there exists a h ∈ Rn with ||h|| = 1 such that for every 1 ≤ i ≤ m, yi(hT xi) ≥ l holds.

Corollary 1 Let L = maxi ||xi|| and k = O( 72L
l2 ln 6m

δ ). Let S′ = {(x′1, y1), . . . , (x′m, ym)} be the projected
sample by an n × k matrix R defined as above, i.e., x′i = (1/

√
k)RT xi and h be the projected classifier,

i.e., h′ = (1/
√

k)RT h. Then the probability that h′ doesn’t correctly classify S is at most δ.

Corollary 1 guarantees that the following algorithm can learn an n-dimensional hyperplane of margin
l in a PAC sense if we set k to O( 1

l2 ln 1
εlδ ) and m to O( 1

l2ε ln 1
ε ln 1

εlδ ) [3].

Hyper-Plane Algorithm

1. Choose an n× k random matrix R by picking each entry independently from U(−1, 1) or N(0, 1).

2. Obtain m examples from D and project them to Rk using R.

3. Run the Perceptron Algorithm in Rk: Let w = 0. Perform the following until all examples are
correctly classified: Pick an arbitrary misclassified example (x′i, yi) ∈ Rk×{−1, 1}, let w = w+yix

′
i.

4. Output f(x) = sign(wT (RT x)) as a final hypothesis.
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2 Random Projection with Limited Independence

By inspecting the proof of Theorem 1 carefully, we can show that the i.i.d condition of the entries of a
projection matrix R can be weakened at the cost of slighly loosing the confidence of length preserving.

Definition 1 Let k, n be two integers such that k ≤ n. Let D be a probability distribution on {−1, 1}n.
An n-vector of random variables x = (x1, . . . , xn) ∈ {−1, 1}n with respect to D is said to be k-independent,
if ∀j ≤ k, ∀I = {i1, . . . , ij} ⊆ {1, . . . , n} and ∀V = (v1, . . . , vj) ∈ {−1, 1}j,

Pr
D

[xI = V ] =
j∏

l=1

Pr[xil
= vl] =

1
2j

holds. Here xI = V denotes (xi1 = v1) ∧ · · · ∧ (xij
= vj).

It is well known that n random variables with k-wise independence can be efficiently generated using
only O(k log n) random bits (e.g., [2]). By observing that the expectation and the variance of the norm
of the projected vector can be expressed by the 2nd and the 4th moments of the random variables rij , we
can show the following result by using Chebyshev’s inequality (see [7] for the proof).

Theorem 2 Let u ∈ Rn be arbitrary but fixed. Let R = (rij) be a random n × k matrix such that
each entry rij is chosen according to U(−1, 1) and for every 1 ≤ i ≤ k, the i-th column of R, i.e.,
Ri = (r1i, . . . , rni) is 4-wise independent. Then for every ε > 0, the vector u′ = 1√

k
(RT u) satisfies

Pr[
∣∣||u′||2 − ||u||2

∣∣ ≥ ε||u||2] ≤ 2
ε2k

.

The above theorem guarantees that a 4-wise independent distribution has a desired property although
its performance guarantee is weaker than that of the i.i.d case (Theorem 1). It is worthwhile to note that
the 4-wiseness in the theorem is optimal in the following sense:

Theorem 3 There exists a 3-wise independent distribution D that satisfies the following: if each column
of R is chosen independently according to D, then for every k, the vector u′ ∈ Rk projected by R from
u = 1√

n
(1, 1, . . . , 1) ∈ Rn (i.e., ||u|| = 1) satisfies

Pr
[
||u′|| = 1

n

]
=

(
1− 1

n

)k

>
1
2e

.

In order to construct an efficient learning algorithm for a hyperplane using a random projection with
bounded independence (i.e., via Theorem 2 instead of Theorem 1), it seems to be necessary to improve
the upper bounds on the error probability in Theorem 2 to an exponentially small in k as in Theorem
1. We believe that such improvements would be possible by a more refined analysis with combination of
Chebyshev’s inequality and Azuma’s inequality.
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