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Abstract

In this paper, we discuss a geometric understanding of the boosting algorithm in the
framework of information geometry. We propose U -Boost learning algorithms, which is
a generalization of AdaBoost, based on the Bregman divergence defined by a generic
convex function U . This approach allows us to discuss statistical properties such as
consistency and robustness based on a probabilistic assumption for a training data.

1 Introduction

In the last decade, several novel developments for classification and pattern recognition
have been done mainly along statistical learning theory (see for example, MacLachlan, 1992;
Bishop, 1995; Vapnik, 1995; Hastie et al., 2001). Several important approaches have been
proposed and implemented into feasible computational algorithms. One promising direction
is “boosting” which is a method of combining many learning machines trained by simple
learning algorithms. Intuitively speaking, the key idea of boosting algorithm is to assort
important and unimportant examples according whether machines are good at or weak in
learning those examples.

In this paper, we focus on AdaBoost (Freund and Schapire, 1997) type algorithms. We
propose a class of boosting algorithms, U -Boost, which is naturally derived from the Bregman
divergence. This proposal gives an extension of the geometry discussed by Lebanon and
Lafferty (2001) based on the Bregman divergence from the viewpoint of information geometry.

2 AdaBoost Algorithm

Let us consider a classification problem where for a given feature vector x in some space X ,
the corresponding label y in a discrete set Y is predicted. For given n examples {(xi, yi); i =
1, . . . , n}, the AdaBoost algorithm (AdaBoost.M1) consists of following steps.

step 1: Initialize D1(i) = 1/n, i = 1, . . . , n.

step 2: For t = 1, . . . , T
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• Define the error rate under the distribution Dt as

εt(h) = ProbDt {h(x) 6= y} =
n∑

i=1

I(h(xi) 6= yi)Dt(i),

where I is the indicator function defined by

I(A) =

{
1, A is true
0, otherwise

.

• Select a machine ht based on the error rate εt(ht).
• Set εt and αt as

εt = εt(ht), αt =
1
2

ln
(

1− εt

εt

)
.

• Update the distribution Dt by

Dt+1(i) =
Dt(i)
Zt

×
{

e−αt , if ht(xi) = yi

eαt , otherwise.

where Zt is a normalization constant to ensure
∑n

i=1 Dt+1(i) = 1.

step 3: Output the final decision as the majority vote

H(x) = argmax
y∈Y

T∑
t=1

αtI(ht(x) = y)

AdaBoost can be regarded as a procedure of optimizing an exponential loss with an
additive model (Friedman et al., 2000)

L(F ) =
1
n

n∑

i=1

∑

y∈Y
exp(F (xi, y)− F (xi, yi)), where F (x, y) =

T∑
t=1

αtft(x, y).

By adopting different loss functions, several variations of AdaBoost are proposed, such as
MadaBoost (Domingo and Watanabe, 2000), where the loss function

L(F ) =
1
n

n∑

i=1

∑

y∈Y
φ(F (xi, y)− F (xi, yi)), where φ(z) =

{
z + 1

2 z ≥ 0,
1
2 exp(2z) otherwise,

is used instead of the exponential loss.
For constructing algorithms, the notion of the loss function is useful, because the various

algorithms are derived based on the gradient descent and line search methods. Also the
loss function controls the confidence of the decision, which is characterized by the margin
(Schapire et al., 1998). However, the statistical properties such as consistency and efficiency
are not apparent, because the relationship between loss functions and the distributions real-
ized by combined machines is unclear so far.

3 Bregman Divergence

Let us consider the space of all the positive finite measures over Y conditioned by x ∈ X

M =
{

m(y|x)
∣∣∣∣

∑

y∈Y
m(y|x) < ∞ (a.e. x)

}
. (1)

The Bregman divergence is a pseudo-distance for measuring the discrepancy between two
functions. We define the Bregman divergence between two conditional measures as follows.
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Definition 1 (Bregman divergence). Let U be a strictly convex function on R, then its
derivative u = U ′ is a monotone function, which has the inverse function ξ = (u)−1. For
p(y|x) and q(y|x) in M, the Bregman divergence from p to q is defined by

DU (p, q) =
∫

X

∑

y∈Y

[{
U(ξ(q))− U(ξ(p))

}− p
{
ξ(q)− ξ(p)

}]
dµ, (2)

where dµ = µ(dx) and µ(x) is the marginal distribution of x.

As easily seen, the Bregman divergence is not symmetric with respect to p and q in
general, therefore it is not a distance.

tangent line at ξ(p)

ξ(p) ξ(q)

U(ξ(p))

U(ξ(q))

d(ξ(p), ξ(q))

p(ξ(q) − ξ(p)) + U(ξ(p))

U : R → R, convex
ξ : u−1 = (U ′)−1

Note: u(ξ(p)) = p

Figure 1: Bregman divergence.

The advantage of the form (2) is allowing us to plug in the empirical distribution directly.
To see this, let us decompose the Bregman divergence into

DU (p, q) = LU (p, q)− LU (p, p), (3)

where

LU (p, q) =
∫ ∑

{U(ξ(q))− pξ(q)} dµ. (4)

Note that LU can be regarded as a loss function, and since the Bregman divergence is non-
negative, that is DU (p, q) ≥ 0, the loss is bounded below by

LU (p, q) ≥ LU (p, p).

Now we consider a problem in which q is optimized with respect to DU (p, q) for fixed p.
Picking out the terms which depend on q, the problem is simplified as

argmin
q

DU (p, q) = argmin
q

LU (p, q). (5)

In LU (p, q), the distribution p appears only for taking the expectation of ξ(q), therefore the
empirical distribution p̃ is used without any difficulty as

LU (p̃, q) =
1
n

n∑

i=1

{∑

y∈Y
U(ξ(q(y|xi)))− ξ(q(yi|xi))

}
, (6)

which we refer as the empirical U -loss, and the optimal distribution for given examples is
defined by

q̃ = argmin
q

LU (p̃, q).
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This is equivalent with the well-known relationship between the maximum likelihood esti-
mation and the minimization of the Kullback-Leibler divergence. Related discussions can
be found in Eguchi and Kano (2001), in which the divergences are derived based on the
pseudo-likelihood.

The followings are examples of the convex function U .

Example 1 (U-functions).

Kullback-Leibler: U(z) = exp(z)

β-type: U(z) =
1

β + 1
(βz + 1)

β+1
β

η-type: U(z) = exp(z)− ηz

MadaBoost: U(z) =

{
z + 1

2 z ≥ 0,
1
2 exp(2z) z < 0,
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Figure 2: Examples of U -functions. (a) Shapes of U -functions. (b) Derivatives of U -functions.

4 Pythagorean Relation and Orthogonal Foliation

Let us define the inner product of functions of x ∈ X and y ∈ Y by

〈f, g〉 =
∫

X

∑

y∈Y
f(x, y)g(x, y)µ(dx)

and define that f and g are orthogonal if 〈f, g〉 = 0. Then the Pythagorean relation for the
Bregman divergence is stated as follows.

Lemma 1 (Pythagorean relation). Let p, q and r be in M. If p− q and ξ(r)− ξ(q) are
orthogonal, 〈p− q, ξ(r)− ξ(q)〉 = 0, the relation

DU (p, r) = DU (p, q) + DU (q, r) (7)

holds.
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D(p, r)

D(p, q)

D(q, r)

p q

r

p − q

ξ(r) − ξ(q)

Figure 3: Pythagorean relation for Bregman divergence.

Now we consider subspaces suitable for the nature of the Bregman divergence. Let us
consider a set of conditional measures with a fixed q0 ∈ M and a set of functions f =
{ft(x, y); t = 1, . . . , T} and a function b of x and α, written in the form of

QU = QU (q0,f , b)

=
{

q ∈M
∣∣∣∣ qα = u

(
ξ(q0) +

T∑
t=1

αtft(x, y)− b(x,α)
)}

, (8)

where α = {αt ∈ R; t = 1, . . . , T}. In other words, QU consists of functions such that

ξ(q)− ξ(q0) =
T∑

t=1

αtft(x, y)− b(x,α),

which means QU is a subspace spanned by f and b and includes q0. QU is called a U -flat
subspace, which we refer the U -model in the following.

Next let us consider an mixture-flat subspace in M which passes a point q = qα ∈ QU ,

FU (q) = FU (q, f , b)

=
{

p ∈M
∣∣∣∣ 〈p− q, ft − b′t(α)〉 = 0, ∀t

}
, (9)

where

b′t(x,α) =
∂b(x,α)

∂αt
.

By these definitions, QU and FU (q) are orthogonal at q, that is,
〈

p− q,
∂

∂αt
ξ(q)

〉
= 〈p− q, ft − b′t(α)〉 = 0, ∀p ∈ FU (q), ∀t.

A set {FU (q); q ∈ QU} is called a foliation of M, which covers the whole space M as
⋃

q∈Q
FU (q) = M,

FU (q) ∩ FU (q′) = φ, if q 6= q′.

To put it in other words, M is decomposed into an orthogonal foliation by giving QU .
The function b must be determined by the constraint on the U -model such as from the

statistical or computational convenience. From a statistical point of view, following two
specific cases are plausible:
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• unnormalized: b = 0,

• normalized: b is chosen so that
∑

y∈Y q(y|x) = 1.

5 U-Boost Algorithm

Using the Bregman divergence as a loss function, a generic form of the U -Boost algorithm is
naturally introduced as follows.

U-Boost algorithm

step 1: Initialize q0(y|x). (In usual case, set ξ(q0) = 0 for simplicity.)

step 2: For t = 1, . . . , T

• Select a machine ht so that

〈p̃− qt−1, ft − b′t(α = 0)〉 6= 0,

where

ft(x, y) =

{
1
2 , y ∈ ht(x),

− 1
2 , otherwise,

and bt(x, α) is an auxiliary function to satisfy an imposed constraint.

• Construct Qt,

Qt =
{

q ∈M
∣∣∣∣ q = u

(
ξ(qt−1) + αft(x, y)− bt(x, α)

)}

• Find qt and corresponding αt which minimizes DU (p̃, q),

qt = argmin
q∈Qt

DU (p̃, q)

= argmin
q∈Qt

n∑

i=1

{∑

y∈Y
U(ξ(q(y|xi)))− ξ(q(yi|xi))

}
.

step 3: Output the final decision as the majority vote,

H(x) = argmax
y∈Y

T∑
t=1

αtft(x, y).

The optimization procedure in step 2 is geometrically interpreted as shown in Fig. 4. For
a U -model Qt, we can consider an orthogonal foliation Ft(q) as

Ft(q) =
{

p ∈M
∣∣∣∣ 〈p− q, ft − b′t(α)〉 = 0

}
, ∀q = qα ∈ Qt. (10)

Then we can find a leaf Ft(q∗) which passes the empirical distribution p̃, and the optimal
model at step t is determined by qt = q∗.

6 Properties of U-Boost

In this section, we discuss some properties of the U -Boost algorithms from the statistical
point of view.
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Figure 4: A geometrical interpretation of the U -Boost algorithm: relationship between the
optimal point and the empirical distribution (left), and an intuitive image of successive two
updates (right).

6.1 Error Rate

One of the important characteristics of the AdaBoost algorithm is the evolution of its
weighted error rates, that is, the machine ht at step t shows the worst performance un-
der the distribution at the next step t + 1, that is equivalent to random guess. By defining
the weighted error as

εt(h) =
n∑

i=1

I(h(xi) 6= yi)Dt(i),

this fact is stated as

εt+1(ht) =
1
2
.

Similar disposition can be observed in the U -Boost algorithm as follows. Let us define
the weight

Dt(i, y) =
qt−1(y|xi)

Zt
, (11)

where Zt is a normalization constant defined by

Zt =
n∑

i=1

∑

y 6=yi

qt−1(y|xi), (12)

and then define the weighted error by

εt(h) =
n∑

i=1

∑

y 6=yi

(
f(xi, y)− f(xi, yi) + 1

2

)
Dt(i, y). (13)

Then we can prove

εt+1(ht) =
1
2
. (14)

This mean that the U -Boost algorithm updates the distribution into the least favorable for
the previous machine at each step.
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6.2 Consistency and Bayes Optimality

Using the basic property of the Bregman divergence, we can show the consistency of the
U -loss.

Lemma 2. Let p(y|x) be the true conditional distribution and F (x, y) be the minimizer of the
U -loss LU (p, q), where q = u(F ). The classification rule given by F becomes Bayes optimal,
that is,

ŷ(x) = argmin
y∈Y

F (x, y) = argmin
y∈Y

p(y|x). (15)

In the U -Boost algorithm, F (x, y) is chosen from a class of functions which are linear
combination of ft(x, y); t = 1, . . . , T . In the case that the true distribution is not in the
considered U -model, the closest point in the model is chosen in the sense of U -loss, however,
if the number of boosting is sufficiently large and the functions ft; t = 1, . . . , T are diverse,
U -model can well approximate the true distribution. See for example Barron (1993); Murata
(1996), for the discussion about the richness of the linear combination of simple functions.

As a special case, we can show the following theorem for the binary classification, where
the U -loss is given by

LU (p, q) =
∫

X

∑

y∈{±1}
p(y|x)U(−yF (x))µ(dx).

Theorem 1. The minimizer of the U -loss gives the Bayes optimal, that is,

{x|F (x) > 0} =
{

x
∣∣∣ log

p(+1|x)
p(−1|x)

> 0
}

.

Moreover, if

log
u(z)

u(−z)
= 2z (16)

holds, F coincides with the log likelihood ratio

F (x) =
1
2

log
p(+1|x)
p(−1|x)

.

U -functions for AdaBoost, LogitBoost, and MadaBoost satisfy the condition (16). The
theorem agree with the result in Eguchi and Copas (2001, 2002).

6.3 Most B-robust U-function

Let us consider an estimator of α with the U -function as

αU (qµ) = argmin
α

∫

X

∑

y∈Y
q(y|x)U

(−y(F (x) + αh(x))
)
dµ(x),

where qµ is the joint distribution of x and y. The robustness of the estimator is measured
by the gross error sensitivity (Hampel et al., 1986)

γ(U, p0) = sup
(x̃,ỹ)

{
lim

ε→+0

1
ε

[
αU ((1− ε) p0µ + ε δ(x̃, ỹ))− αU (p0µ)

]}2

, (17)

where δ(x̃, ỹ) is the probability distribution with a point mass at (x̃, ỹ). The gross error
sensitivity measures the worst influence which a small amount of contamination can have
on the value of the estimator. The estimator which minimizes the gross error sensitivity
is called the most B-robust estimator. For a choice of a robust U -function, we show the
following theorem.

Theorem 2. The U -function which derives MadaBoost algorithm minimizes the gross error
sensitivity among the U -function with the property of (16).
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7 Conclusion

In this paper, we formulated boosting algorithms as sequential updates of conditional mea-
sures, and we introduced a class of boosting algorithms by considering the relation with
the Bregman divergence. By this framework, statistical properties such as consistency and
robustness are discussed. Still detailed studies on some properties such as the rate of con-
vergence and stopping criteria of boosting, are needed to avoid overfitting problem and so
on.

Here we only treated the classification problem, but the formulation can be extended to
the case where y is in some continuous space, such as regression and density estimation. This
is also remained as a future work.
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