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How should we treat the calculation of the 
summation over 2N configuration?
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It is very hard to calculate exactly except some special cases.It is very hard to calculate exactly except some special cases.

Formulation for approximate algorithm
Accuracy of the approximate algorithm

Belief Propagation
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Probabilistic model on 
a graph with no loop
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Probabilistic model on a 
graph with no loop

Message from the node 1 to the node 2 can be 
expressed in terms of the product of message 
from all the neighbouring nodes of the node 1 
except one from the node 2. 
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Marginal probability can be expressed in 
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the neighbouring nodes of node 2.
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Probabilistic Model 
on a Graph with Loops
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Belief Propagation
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Message Passing Rule 
of Belief Propagation

Fixed Point Equations 
for Massage
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Fixed Point Equation and 
Iterative Method
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Bayesian Image Analysis
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Bayesian Image Analysis
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Bayesian Image Analysis
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Bayesian Image Analysis
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Bayesian Image Analysis

Ω
y

x

( )Lffff ,,, 21 L
r
= ( )Lgggg ,,, 21 L

r
=

f
r

g

( )αfP
r ( )σ,fgP rr gr

Original Image Degraded Image

( ) ( ) ( )
( )σα

ασ
σα

,

,
,,

gP

fPfgP
gfP r

rrr
rr

=

( ) ( ) iiiii dfgfPffdgfPff ∫∫
+∞

∞−
== σασα ,,,,ˆ rrrr

A Priori Probability

A Posteriori 
Probability

Degraded Image

Pixels



18 November, 2005 MAIPCV2005 22

Hyperparameter Determination by 
Maximization of Marginal Likelihood
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Maximization of Marginal Likelihood by 
EM (Expectation Maximization) Algorithm
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Maximization of Marginal Likelihood by 
EM (Expectation Maximization) Algorithm
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Image Restoration by Gaussian Graphical ModelImage Restoration by Gaussian Graphical Model

Original ImageOriginal Image Degraded ImageDegraded Image

MSE: 1529MSE: 1529

MSE: 1512MSE: 1512

EM Algorithm with 
Belief Propagation
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Approximate EM Algorithm of Gaussian 
Graphical Model by using Belief 
Propagation
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Exact Results of Gaussian Graphical Model

( ) ( ) ( )

⎟
⎠
⎞

⎜
⎝
⎛ −−−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−−∝ ∑∑

∈Ω∈

T2

2

22
2

2
1

2
1exp

2
1

2
1exp,,

ffgf

ffgfgfP
Nij

ji
i

ii

rrrr

rr

Cα
σ

α
σ

σα

( ) ( )
( ) ( ) ⎟

⎠
⎞

⎜
⎝
⎛

+
−

+
=

Ω
T

22 2
1exp

det2
det, gggP rrr

CI
C

CI
C

ασ
α

ασπ
ασα

( ) gf rr 12ˆ −
+= CI ασ

Multi-dimensional Gauss integral formula

Ω
y

x

( )
( )

( )σασα
σα

,max argˆ,ˆ
,

gP r
=

We can construct an exact EM algorithm.



18 November, 2005 29MAIPCV2005

Comparison of Belief Propagation with Comparison of Belief Propagation with 
Exact Results in Gaussian Graphical ModelExact Results in Gaussian Graphical Model
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Image Restoration by Image Restoration by 
Gaussian Graphical ModelGaussian Graphical Model
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Original ImageOriginal Image
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Extension of Belief PropagationExtension of Belief Propagation
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Image Restoration by Gaussian Graphical ModelImage Restoration by Gaussian Graphical Model
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Image Restoration by Gaussian Graphical Image Restoration by Gaussian Graphical 
Model and Conventional FiltersModel and Conventional Filters
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Image Restoration by Gaussian Graphical Image Restoration by Gaussian Graphical 
Model and Conventional FiltersModel and Conventional Filters
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