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概要

• クラスタリングのイントロダクション
• 確率モデルを用いたクラスタリング
• Dirichlet process mixture
• Dirichlet process mixture のアルゴリズム
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クラスタリングとは?

• たくさんのデータを近いもの同士のグルー
プに分ける

• 前処理
– 巨大データを人間が扱うために

• データマイニング
– ドキュメント クラスタリングでトピック発見
– 単語のクラスタリングで類義語発見
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アルゴリズムの例

4

Figure 3: Typical results for BKM for various values of ! = 0.1, 0.5, 2. The true K is equal

to ten. In these plots, BKM found eight , nine and ten clusters respect ively. Some ellipses are

too small or too large to be visible.
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Figure 4: An illust rat ive example of a dendrogram built by ABC on the spambase dataset

using a product of Bernoullis dist ribut ion. The purity was 0.816. Labels ÒNÓand ÒSÓdenote

non-spam and spam. The number of data-cases is 50 where 25 data-cases are spam and 25

data-cases arenon-spam. Heights represents thenegat ive freeenergy. Sincea valid dendrogram

accepts posit ive heights, we added 11,000 to the negat ive free energy.
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A Non-parametric Bayesian Model for Spectral Clustering

non-par ametr ic B ayes, spectr al cluste r ing, pr obabi l isti c model

Abstract

We study the problem of searching for the
number of clusters, k, in clustering. In
many clustering applications, spectral clus-
tering has achieved great success. Follow-
ing this success, we consider an extension of
spectral clustering based on a non-parametric
Bayesian approach which gives an elegant so-
lution for model selection, i.e. choosing k. In
particular, we use the Dirichlet process (DP).
We first propose a generative model for spec-
tral clustering to apply the DP. We then show
that a relaxed greedy maximum likelihood es-
timation for the model is in fact equivalent to
spectral clustering. Based on the generative
model, we derive a non-parametric Bayesian
model for spectral clustering using the DP.
Experimental results show that the proposed
algorithm is competitive or better than re-
cently proposed algorithms.

1. Introduction

Clustering is one of the most widely used methods for
data analysis. Many clustering algorithms assume the
number of clusters, k, is given, e.g. k-means. In re-
cent years, non-parametric Bayesian approaches have
been applied to clustering to infer k. For example,
the Dirichlet process(Ferguson, 1973) is used for this
task(Rasmussen, 2000; Teh et al., 2006). One draw-
back of non-parametric Bayesian approaches is that
we have to construct a generative probabilistic model
that explains given data well. In other words, if a
model is not appropriate for given data, we may fail
in inference.

Instead of assuming a generative model, one of the
alternative approaches is spectral clustering(Hagen &
Kahng, 1992; Ng et al., 2002). Many studies have
shown that spectral clustering outperforms traditional

Preliminary work. Under review by the International Con-
ference on Machine Learning (ICML). Do not dist ribute.
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Figure 1. Typical clustering results by theDirichlet process
Gaussian mixture model (left ) and the proposed algorithm
(right ). The former discovered 10 Gaussians, and the latter
correct ly discovered 3 clusters.

clustering algorithms even when the distribution of
data can not be captured by usual distributions, e.g.
Gaussian or multinomial. Largely speaking, there are
two approaches to search for k in the context of spec-
tral clustering. One is the eigengap approach(Azran
& Ghahramani, 2006), and the other is the stability
based approach(Ben-Hur et al., 2002).

In this paper, we take a non-parametric Bayesian ap-
proach for spectral clustering to search for k. Our final
goal is to estimate k by a posterior probability derived
by non-parametric Bayes in the framework of spectral
clustering. Thus, it does not require any specific dis-
tribution like Gaussian. The left plot in Fig.1 shows a
typical result of a Dirichlet process Gaussian mixture
model. Since it only fits to Gaussian mixtures, it does
not necessarily give a good solution for non-Gaussian
data. On the other hand, it is well known that spec-
tral clustering gives surprisingly good results when k
is given like the right plot in Fig.1. Actually, the right
plot is the result of our algorithm. The number of
clusters is also automatically estimated.

This paper is organized as follows. In Section 2, we re-
view the Dirichlet process, spectral clustering, and the
equivalence between kernel k-means and spectral clus-
tering. In Section 3, we propose a generative model
for spectral clustering. We also show that a relaxed
greedy maximum likelihood estimation of our model
is in fact equivalent to spectral clustering. Based on

• ボトムアップ
– k-means アルゴリズム
– spectral clustering

• トップダウン
– linkage analysis

• Dirichlet Process Mixture
– クラスタ数を推定
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クラスタリングの二つの要点

• �è�$��
:  (�Þ�Ã�ç )

• �7�&�=�O

• 今日の話
– 確率が目的関数 (確率モデル)

• Dirichlet process も確率モデル

– EM-like アルゴリズムやMCMCで最適化
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概要

• クラスタリングのイントロダクション
• 確率モデルを用いたクラスタリング

– 確率モデル
– 目的関数としての確率
– 最適化手法の適用

• Dirichlet process mixture
• Dirichlet process mixture のアルゴリズム

6



/40 MIRU2008 ワークショップ: 画像処理とその周辺における確率的情報処理の展開

確率モデルの例

7

• 二つの混合正規分布
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確率モデルの例

7

• 二つの混合正規分布
�w�è�$��
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二つの混合正規分布
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• 目的関数
– 何が未知? → 割当て z とパラメータθ

zi = 1

zj = 1
zk = 2

zl = 2

θ1

θ2

X: データxi

xj

xk

xl
クラスタ1

クラスタ2
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二つの混合正規分布
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• 目的関数の例
– (Z, θ) = argmax log p(X | Z,θ)

zi = 1

zj = 1
zk = 2

zl = 2

θ1

θ2

X: データxi

xj

xk

xl
クラスタ1

クラスタ2
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確率モデルの解き方
• 定点反復法 

• マルコフ連鎖モンテカルロ法 (MCMC)

– ベイズなモデルの時

10
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定点反復法

• iterated conditional mode, Viterbi EM
– Z=argmax p(X,Z,θ)
– ←→ θ=argmax p(X,Z,θ)

• EMアルゴリズム���<�%�F�N�Q�T�U�F�S���F�U���B�M�����`�����>

– q(Z)!  p(X,Z,θ)
– ←→ θ=argmax Eq(Z)[ log p(X,Z,θ)]

• 変分ベイズ法���<�"�U�U�J�B�T���`�����>

– q(Z)!  exp Eq(θ)[ log p(X,Z,θ)] 
– ←→ q(θ)!  exp Eq(Z)[ log p(X,Z,θ)]

11
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Markov Chain Monte Carlo

• 事後分布 p(Z|X) をサンプリング
して近似
– Metropolis-Hastings
– Gibbs sampler (熱浴法)

• 例
–正規分布を正規分布からのサ
ンプルで近似

12

! ! ! " ! # ! $ % $ # " !
%

%&%'

%&$

%&$'

%&#

%&#'

%&"

%&"'

%&!



/40 MIRU2008 ワークショップ: 画像処理とその周辺における確率的情報処理の展開

概要

• クラスタリングのイントロダクション
• 確率モデルを用いたクラスタリング

– 確率モデル
– 目的関数としての確率
– 最適化手法の適用

• Dirichlet process mixture
• Dirichlet process mixture のアルゴリズム
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二つの混合正規分布

14

• 目的関数
– (Z, θ) = argmax log p(X | Z,θ)

• iterated conditional mode で最適化

– Z=argmax log p(X|Z,θ) 

– θ=argmax log p(X|Z,θ)

zi = 1

zj = 1
zk = 2

zl = 2

θ1

θ2クラスタ1

クラスタ2
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二つの混合正規分布

15

zi = 1

zj = 1
zk = 2

zl = 2

θ1

θ2クラスタ1

クラスタ2

log p(X |Z, θ) = −1
2

n∑

i =1

||xi − θzi ||2 + constant

zi = argmax log p(X , Z, θ)

= argmax − 1
2

||xi − θzi ||2

θj = argmax log p(X , Z, θ)

=
1
nj

∑

i ;zi= j

xi
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二つの混合正規分布
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• 目的関数:  (Z, θ) = argmax p(X | Z,θ)

• iterated conditoinal mode

• → k-means

• do

–  

–  

• until convergence

zi = 1

zj = 1
zk = 2

zl = 2

θ1

θ2クラスタ1

クラスタ2
zi = argmax ||xi − θzi ||2

θj =
1
nj

∑

i ;zi = j

xi
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確率モデルの注意

• モデルがデータに対して妥当
でないとうまく動かない

• モデルが妥当でない例
– データ:  3つの同心円
– モデル:  混合正規分布
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A Non-parametric Bayesian Model for Spectral Clustering

non-parametric Bayes, spectral clustering, probabilistic model

Abstract

We study the problem of searching for the
number of clusters, k, in clustering. In
many clustering applicat ions, spectral clus-
tering has achieved great success. Follow-
ing this success, we consider an extension of
spectral clustering basedon a non-parametric
Bayesian approach which givesan elegant so-
lut ion for model selection, i.e. choosing k. In
part icular, we use the Dirichlet process (DP).
We Þrst propose a generat ive model for spec-
t ral clustering to apply theDP. Wethenshow
that a relaxedgreedymaximum likelihood es-
t imat ion for the model is in fact equivalent to
spectral clustering. Based on the generat ive
model, we derive a non-parametric Bayesian
model for spectral clustering using the DP.
Experimental results show that the proposed
algorithm is competit ive or better than re-
cent ly proposed algorithms.

1. Introduction

Clustering is one of the most widely used methods for
data analysis. Many clustering algorithms assume the
number of clusters, k, is given, e.g. k-means. In re-
cent years, non-parametric Bayesian approaches have
been applied to clustering to infer k. For example,
the Dirichlet process(Ferguson, 1973) is used for this
task(Rasmussen, 2000; Teh et al., 2006). One draw-
back of non-parametric Bayesian approaches is that
we have to const ruct a generat ive probabilist ic model
that explains given data well. In other words, if a
model is not appropriate for given data, we may fail
in inference.

Instead of assuming a generat ive model, one of the
alternat ive approaches is spectral clustering(Hagen &
Kahng, 1992; Ng et al., 2002). Many studies have
shown that spectral clustering outperforms tradit ional

Preliminary work. Under review by the International Con-
ference on Machine Learning (ICML). Do not dist ribute.
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Figure 1. Typical clustering results by theDirichlet process
Gaussian mixture model (left ) and the proposed algorithm
(right ). The former discovered 10 Gaussians, and the latter
correct ly discovered 3 clusters.

clustering algorithms even when the dist ribut ion of
data can not be captured by usual dist ribut ions, e.g.
Gaussian or mult inomial. Largely speaking, there are
two approachesto search for k in the context of spec-
t ral clustering. One is the eigengap approach(Azran
& Ghahramani, 2006), and the other is the stability
based approach(Ben-Hur et al., 2002).

In this paper, we take a non-parametric Bayesian ap-
proach for spectral clustering to search for k. Our Þnal
goal is to est imate k by a posterior probability derived
by non-parametric Bayesin the framework of spectral
clustering. Thus, it does not require any speciÞc dis-
t ribut ion like Gaussian. The left plot in Fig.1 shows a
typical result of a Dirichlet process Gaussian mixture
model. Since it only Þts to Gaussian mixtures, it does
not necessarily give a good solut ion for non-Gaussian
data. On the other hand, it is well known that spec-
t ral clustering gives surprisingly good results when k
is given like the right plot in Fig.1. Actually, the right
plot is the result of our algorithm. The number of
clusters is also automat ically est imated.

This paper is organizedas follows. In Section 2, we re-
view the Dirichlet process, spectral clustering, and the
equivalencebetweenkernel k-means and spectral clus-
tering. In Section 3, we propose a generat ive model
for spectral clustering. We also show that a relaxed
greedy maximum likelihood est imat ion of our model
is in fact equivalent to spectral clustering. Based on
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クラスタの数 K はいくつか?

• 多くのアルゴリズムは K を固定し
て結果を返す

• K の数によって結果は大きく変化

• Dirichlet process mixture は K を推
定する
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概要

• クラスタリングのイントロダクション
• 確率モデルを用いたクラスタリング
• Dirichlet process mixture
• Dirichlet process mixture のアルゴリズム
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Dirichlet Process Mixture の K

• Dirichlet Process Mixture (DPM) は K を適当に
決めてくれる
– [Ferguson ’73, Antoniak ’74]

• K を決める基準は?

20



• 確率モデルなので確率 (ベイズ事後確率)

• p(K|X) ∝ p(X,K) = ∫dθΣZ p(X,Z,θ,K)
• = ∫dθΣZ  p(X|Z,θ,K) p(θ|K) p(Z,K)

/40 MIRU2008 ワークショップ: 画像処理とその周辺における確率的情報処理の展開

Kの基準は?
21

モデルに依る
e.g. 正規分布

割り当ての
事前分布 (DPM)

パラメータの
事前分布
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DPM の p(Z,K) (=p(Z))
• 3つのデータ x1, x2, x3 のクラスタリング

• 注意:  p(X|Z) (例:正規分布) とは無関係

22

モデルに依る
e.g. 正規分布

事前分布 

(DPM)

事前分布
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DPM の確率

23
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DPM の確率
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DPM の確率
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DPM の確率
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Chinese Restaurant Process

• Dirichlet process の別名

24

p(zN |[z1...zN−1]) =

!
""#

""$

N ! N
c

! + N−1 (N−N
c > 0;

ZN is an existing cluster.)
!

! + N−1 (N−N
c = 0;

ZN is a new cluster.)

...

2

10

6 7

93

1 4

8 5

Figure 2: A partition induced by the Chinese restaurant process. Numbers indicate customers
(objects), circles indicate tables (classes).

Thedetailsof thesteps taken in computing this limit aregiven in theAp pendix. These limiting
probabilities deÞne a valid distribution over partitions, and thus over equivalence classes of
class assignments, providing a prior over class assignments for an inÞnite mixture model.
Objects are exchangeable under this distribution, just as in the Þnite case: the probability of a
partition is not affected by the ordering of the objects, since it depends only on the counts mk.

As noted above, the distribution over partitions speciÞed by Equation 15 can be derived
in a variety of ways Ðby taking limits (Green & Richardson, 2001; Neal, 1992; 2000), from the
Dirichlet process (Blackwell & McQueen, 1973), or from other equivalent stochastic processes
(Ishwaran & James, 2001; Sethuraman, 1994). We will brießy discuss a simple process that
produces the same distribution over partitions: the Chinese restaurant process.

2.3 The Chinese restaurant process

The Chinese restaurant process (CRP) was named by Jim Pitman and Lester Dubins, based
upon a metaphor in which the objects are customers in a restaurant, and the classes are the
tables at which they sit (the process Þrst appears in Al dous, 1985, where it is attributed to
Pitman). Imagine a restaurant with an inÞnite number of tables, each with an inÞnite number
of seats.2 The customers enter the restaurant one after another, and each choose a table at ran-
dom. In the CRP with parameter ! , each customer chooses an occupied table with probability
proportional to the number of occupants, and chooses the next vacant table with probability
proportional to ! . For example, Figure 2 shows the state of a restaurant after 10 customers
have chosen tables using this procedure. The Þrst customer chooses the Þrst table with proba-
bility α

α = 1. The second customer chooses the Þrst table with probability 1
1+α , and the second

table with probability α
1+α . Af ter the second customer chooses the second table, the third cus-

tomer chooses the Þrst table with probability 1
2+α , the second table with probability 1

2+α , and
the third table with probabililty α

2+α . This process continues until all customers have seats,
deÞning a distribution over allocations of people to tables, and, more generally, objects to
classes. Extensions of the CRP and connections to other stochastic processes are pursued in
depth by Pitman (2002).

The distribution over partitions induced by the CRP is the same as that given in Equation
15. If we assume an ordering on our N objects, then we can assign them to classes sequentially
using the method speciÞed by the CRP, letting objects play the role of customers and classes
play the role of tables. The i th object would be assigned to the kth class with probability

P(ci = k|c1, c2, . . . , ci−1) =
{ mk

i−1+α k ≤ K +
α

i−1+α otherwise
(16)

where mk is the number of objects currently assigned to class k, and K + is the number of
classes for which mk > 0. If all N objectsareassigned to classesvia thisprocess, theprobability

2Pitman and Dubins, both statisticians at UC Berkeley, were inspired by the apparently inÞnite capacity of
Chinese restaurants in San Francisco when they named the process.

6

�����	���������
 �����	���������
 �����	���������
 �����	���������
 �����	���������




/40 MIRU2008 ワークショップ: 画像処理とその周辺における確率的情報処理の展開

なぜ DPM?

•∫dθΣZ  p(X|Z,θ,K) p(θ|K) p(Z,K)

• 事前分布なので任意
– Dirichlet process mixture (DPM)
– Dirichlet 分布 p(Z|K) + Poisson 分布 p(K)

– etc.
• DPMは推論アルゴリズム (MCMC) の実装がとても簡単

– Dirichlet + Poisson では詳細釣り合い条件を満たすのが面倒

25

�Ú�™

モデルに依る
e.g. 正規分布
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DPM の consistency

• x1, x2, x3 のクラスタリング

• consistency

– 例、p(Z2) + p(Z5) = p([(x1,x2)])

– p(Z2)=α/(1+α)(2+α);  p(Z5) = 2/(1+α)(2+α)

– p([(x1,x2)]) = 1/(1+α)
26
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ここまでのまとめ
• Kの必要性
• DPM は K も推定する
• DPM は事前分布 p(Z,K) を与える
• DPM はアルゴリズムの実装が簡単
• DPM の consistency 

– 実装の簡単さには関係ない。実用的にもそれ程
重要ではない。

27
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note: 尤度と周辺尤度

• 周辺尤度

• p(X,K) = ∫dθΣZ p(X,Z,θ,K)
• 尤度
• p(X,Z |θ,K)

28
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概要

• クラスタリングのイントロダクション
• 確率モデルを用いたクラスタリング
• Dirichlet process mixture
• Dirichlet process mixture のアルゴリズム

29
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アルゴリズムのおさらい
• 定点反復法

– iterated conditional mode
– EM アルゴリズム
– 変分ベイズ法

• MCMC
– Gibbs sampler

30
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アルゴリズムのおさらい
• 定点反復法

– iterated conditional mode
– EM アルゴリズム
– 変分ベイズ法

• MCMC
– Gibbs sampler → おすすめ

31
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Markov Chain Monte Carlo

• 事後分布 p(Z|X) をサンプリング
して近似
– Metropolis-Hastings
– Gibbs sampler (熱浴法)

• 例
–正規分布を正規分布からのサ
ンプルで近似

32
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Gibbs Sampler (熱浴法)
• Z = (z1, z2, ..., zn)
• zi ～ p(zi | Z-i, X) を繰り返して p(Z|X) を近似
• p(zi | Z-i, X) が簡単な分布なら  Metroplis-Hastings 
より高速

• p(X,Z) = ∫dθ p(X,Z,θ) の積分が解析的に求ま
れば
– zi ～ p(zi | Z-i, X) !  p(X,Z)

• は簡単 (DPMはOK。あまり自明ではない。)

• 共役事前分布は解析的に積分可能
33
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共役事前分布
• 例: 正規分布

– θ={µ,Σ}: 中心µと分散Σ
– µの共役事前分布は正規分布
– Σの共役事前分布は Wishart 分布

• 指数分布族のパラメータθは必ず共役事前分布
を持つ

• 事前分布は、人間の知識を反映するべき
• 共役事前分布の使用は「知識の反映」に制約を
かけてしまう

34
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DPMのGibbs Samplerまとめ
1.モデルp(X|Z,θ)を指数分布族に決める e.g. 正規分布
2. p(θ) は共役事前分布に、p(Z) は DPM にする

3. p(X,Z) = ∫dθ p(X,Z,θ) を解析的に計算する(できる)

4. zi ～ p(zi | Z-i, X) !  p(X,Z) を繰り返す
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実験例

• MNIST 手書き文字
• 混合正規分布
• 変分ベイズ法は Gibbs 

sampler (GS) に近い結果
を与えてる
→ 問題が簡単
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Figure2: Average log probability per data-pointfor testdataasa
functionof N .

Figure3: Relative averagelog probability per data-pointfor test
dataasa functionof N .

4 Experiments

In thefollowing experimentswecomparedthesix algorithms
discussedin themaintext in termsof their log-probability on
heldout testdata.Theprobability for a testpoint,x t, is then
given by,

p(xt) =
∑

zt

∫

dηzt

p(xt|! zt )q(! zt )E[p(zt|ztraining)]q(ztraining)

All experimentswere conducted using Gaussianmixtures
with vaguepriorson theparameters.

In the first experiment we generatedsyntheticdatafrom
a mixture of 10 Gaussiansin 16 dimensions with a separa-
tion coefficient1 c = 2. We studiedthe accuracy of each

1Following [Dasgupta,1999], a Gaussianmixtureis c-separated

Figure4: Average log probability per data-pointfor testdataasa
functionof T (for TSBmethods)or K (for FSDmethods).

Figure5: Relative averagelog probability per data-pointfor test
dataasa functionof T (for TSBmethods)or K (for FSDmethods).

algorithm as a function of the number of datacasesandthe
truncation level of theapproximation. In figures2 and3 we
show theresultsaswe vary N (keeping T andK fixed at 30)
while in figures4 and5 we plot theresultsaswe vary T and
K (keeping N fixed at 200). We plot boththeabsolutevalue
of the log probability of testdataandthevaluerelative to a
Gibbssampler(GS).We setburn-in period to 50 iterations,
andrun another200 iterations for inference. Error barsare
computedon therelative valuesin order to subtract variance
causedby the differentsplits (i.e. we measure variance on
pairedexperiments).Resultswereaveragedover 30 indepen-
dentlysampledtraining/testingdatasets,wherethenumberof

if for eachpair (i , j ) of components we have ||mi − mj ||2 ≥
c2D max(λmax

i , λmax
j ) , whereλmax denotesthemaximumeigen-

valueof their covariance.

88 個の
クラス
タを発
見
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実験例

• Latent Dirichlet 
Allocation モデルで
ドキュメントクラス
タリング

• Gibbs sampler が圧倒
的によい
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Figure 2: Left column: KOS, Middle column: Reutersand Right column: 20Newsgroups. Top row:
log p(x test) asa functionof K, Middle row: log p(x test) asa functionof numberof steps(deÞnedasnumberof
iterationsmultiplied by K) andBottomrow: variationalboundsasa functionof K. Log probabilitiesareon a
perword basis.Shown areaveragesandstandarderrorsobtainedby repeatingtheexperiments10 timeswith
randomrestarts.Thedistribution over thenumberof topicsfoundby G-HDP1 are:KOS:K = 113.2 ± 11.4,
Reuters:K = 60.4 ± 6.4, 20News: K = 83.5 ± 5.0. For G-HDP100 we have: KOS: K = 168.3 ± 3.9,
Reuters:K = 122.2± 5.0, 20News: K = 128.1± 6.6.

! "!!! #!!!!
! $

! %&"

! %

! '&"

! '

()*+,)

-.
/0

.*
01

2.
34

51
62

7

! "!!! #!!!!

!$%&

!$%'

!$%(

!$%)

!$

!'%&

!'%'

*+,-.+

/0
1
2.
3,
-
+
,4
25
26

2

2

789:
#!!

7;<<+2;=;,%2>?89:
7;<<+2;=;,%2>?@9A
7;<<+2;=;,%2?@9A
BC=D0E2;=;,%2>?89:
BC=D0E2;=;,%2>?@9A
BC=D0E2;=;,%2?@9A

Figure3: G-HDP100 initialized variationalmethods(K = 130), comparedagainstvariationalmethodsini-
tializedin theusualmannerwith K = 130 aswell. Resultswereaveragedover10 repeats.
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再び、何故DPM?

• K を決めなくてよい (DPM でなくても可能)

– 自然言語処理等の応用ではとても便利

• DPM は事前分布 p(Z,K) を与える
– 汎化性能に関してDPM が他の事前分布よりよい理由はない

• DPM は consistent

– 実用上あまり重要ではない

• Gibbs sampler
– non-DPM は実装が簡単でない場合がある (詳細釣り合い条件)
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関連する話題
• ノンパラメトリックベイズ

– DPM はその一つ
– hierarchical Dirichlet process

• HDP-LDA, HDP-HMM, HDP-PCFG 等が自
然言語処理で積極的に使われている
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まとめ

• クラスタリングの紹介
• 確率モデルを用いたクラスタリング
• Dirichlet process mixture を用いた確率モデル
• Dirichlet process mixture の推論
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